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Effects of biased diffusions on dynamical surface structures for theA+B—0 reaction
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The dynamical scaling property of surface eroded by a chemical readtioB—0 is studied by the
simulation. To consider the effect of interactions betweergrarticle and the material which consists Bf
particles, theA particle is assumed to undergo a drifted-diffusive motion or a biased random walk before it
touches the material. The surface of the material is eroded by the chemical reactiorBag#rtacle which the
A patrticle first encounters. In dimensiah=2, we found three regimes in the dynamical surface structure.
When there is attractive bias to the material, the dynamical scaling property belongs to the universality class
with the dynamic exponert=2. When there is no bias or relatively small repulsive bias, the scaling property
belongs to the class with=1. The surface roughening behavior disappears when repulsive bias becomes quite
large. We also discuss the properties of the crossover between the existing regimes.
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[. INTRODUCTION been proved to follow the linear growth equation with dy-
namic exponeng=1,

It is very important to physically understand the dynami-
cal evolution of the surface that is eroded by chemical or dhg(t)
physical reactions between external particlés farticles at
and host particlesR particles of a given material, because
such evolution can be the key process for the electrolytidiere hqy(t) is the Fourier component of the surface height
polishing, corrosion, etching, stable fluid invasiph—4],  h(x,t), and nq(t) is the Fourier component of Gaussian
chemical processes mediated by a catalytic parfisle7], ~ White noise with(74(t))=0 and(7q(t) 74 (t))=D dqq (1
etc. Until now there have been two kinds of suggested theo=t"). Other linear growth equations with=2 orz=4, and
retical models for such erosion phenomena. In the first kindliscrete growth models related to such growth equations
of models[5,6], the particleA is assumed to be a catalytic have been extensively studied throughout the last dei@&de
particle or a random walker that can have a strong annihilaso that the study on Eq1) with z=2 andz=4 has almost
tion potency to be capable of annihilating maByparticles ~been completed. In contrast, few studies on &g.with z
before it disappears. In this kind of model, tBeparticles =1 have been done yet. The surface widdr the root-
inside the material as well as those on the surface can b®ean-square fluctuation of the surface heightsdescribed
annihilated and the main interest is focused on the structurey Eq. (1) in the substrate dimensiah=1 satisfies the re-

= —v[a]*hy(t) + 74(t)(z=1). Y

of the eroded cluster. In the second kind of mod@s4], lation[2,3]

each time am particle encounters B particle, both particles b

simultaneously disappear through a reaction kkeB— 0. W2= In(L/a) +Inl1— exq — 47 vt/L
Then, the reaction in the second kind of models occurs al- 2771/{ (L/a) [ A= amt/L)]}

most entirely at the surface. The incoming partiélés then
effectively screened out from the interior of the material, =W2+f(t/L), 2
which should remain compact. So in this kind of model the
surface or interface of the compact material can be definethstead of the usual dynamical scalitfg(L,t)=L*f(t/L?)
rather keenly, and the dynamical evolution of surface shouldz=a/g) [8], since the marginal dimensicd{ of DLE is
become the main interest. The dynamical scaling theory fod=1. Of course the roughness exponent0 and the
kinetic roughening of surfack8] can then be useful for the growth exponenB=0 in d,=1.
analysis of the surface evolution in the second kind of mod- Even though DLE is a good model for erosion phenom-
els. ena, the motion of aA particle is constrained to an unbiased
Among the second kind of models, one of the most interrandom walk or a simple diffusion. But in reality as in elec-
esting models is diffusion-limited erosiofDLE) [2,4],  trolytic polishing, theA particle can be driven to an electrode
which is a time-reversed process of diffusion-limited deposi{10] or be repelled from the materigh]. So we need some
tion (aggregates[9]. This model is theoretically as well as theoretical models to describe the possible bias effects for
experimentally important, because DLE was found to be ahe erosion phenomena, but there have been a few models to
good model to explain a stable Laplacian frf23]. DLE is  consider such effects. In the first kind of models, the effect of
also the only significant stochastic discrete model which haa sort of repulsive biases on the structure of the eroding
cluster was considergd]. For the second kind of models,
there have been no significant works on the effect of bias or
*Email address: ykim@khu.ac.kr drift except for the theoretical analysis of the effect on the
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Laplacian frontd2]. For the repulsive biak2], the logarith-

mic roughness as in Eq2) was shown to be limited to a Annihilating line %

length scalel <I, [2], wherel,=D/|u| andu is the drift

velocity. For the attractive bias, the local diffusidior Starting line % IYk
Edwards-Wilkinson(EW) [11,17]] term V2h was argued to A

be the main term of the continuum equation for the Laplac-
ian front in the length scale<l, [2]. However, in the large
length scale Kardar-Parisi-ZhariigPZ) [8,13] equation was
argued to be the continuum equation for the Laplacian fronts
with the attractive biag2]. Even though there existed the Ys
analysis on the effect of the bias on the Laplacian front, the

analysis has not been seriously compared to the results of

relevant simulations. Furthermore even though the Laplacian n— _—
front was proved to be related to DLE, the Laplacian front
itself cannot directly be a model of the second kind. The
systematic studies for the effect of the interactions between
the A particle and the material on the scaling property of the
second kind of models themselves have not been done yet.
The first motivation of this study is thus to investigate the
effect of both attractive and repulsive biases on the dynami-
cal scaling properties of the second kind of models them-
selves. These studies will be done through the systematic [
establishment of simple stochastic discrete models which
take the interactions between tAgoarticle and the material
Into (?Ons'derat'on' \We al§o hope that some of the b'as,eﬁecrlﬁat anA particle (the slashed squarestarts from a site on the
predicted by the theoretical analy$,3] on the Laplacian  giarting line and undergoes the biased random walk with the hop-
fronts can be seen through our model. As explained wheing probability assignment in Eq$3) and (4). The A particle
introducing DLE model, the studies on the physical proper-yrives at a simultaneous nearest neighbor site to tBrparticles
ties of Eq.(1) with z=1 have been very rare until now. It is (gray squaresA randomly chosei® particle among three and tie
thus our second motivation to understand the physics of Etparticle disappear through the reactidr-B—0. It is also shown

(1) with z=1 to the more profound level through the estab-that anA particle which arrives at the annihilating line is aban-
lished models. doned.

ymax

Configuration after the reaction

FIG. 1. Schematic diagram for the modeldg=1. It is shown

Il. MODEL annihilation line isy, units higher than the starting line. The
) i ) ) periodic boundary conditions are used in the lateral direction
_ We now explain the details of our model, which will be ,rqyghout the simulation. WheR,> 1/4, theA particle ex-
investigated for the mptlvatlons pf the present stqdy. Figure :l:)eriences the attractive bias to the material. WRgr 1/4,
presents the schematic description of our modekinl. An  {he A particle then experiences the repulsive bias from the
A particle starts from a random site on a starting line, Wh'chﬂaterial. WherP,, = 1/4, theA particle remains unbiased and

is ys units higher than the highest surface site occupied by &6 model becomes nearly the same one as DLE except for
B particle. TheA particle undergoes a biased random walk ong o subtle difference. In the DLE model] the reactionA

a square lattice under the following hopping probability as-, g . ¢ occurs if thea particle hops onto a site occupied by
signment. The hopping _probabll_ltles of the particle at a site; g particle, but in our model the reaction occurs whenAhe
(x,y) to the nearest neighbor sites,y—1), (x,y+1), (X particle reaches a nearest neighbor site to one occupied by a
—1ly), and k+1y) are assigned as B particle. However, we have seen that this subtle difference
oy — P < does not make any difference physicall$ee also Sec. lI).
POy=1)=Py  (0=Pp=1), @ WhenP,=1, then the particle does the ballistic motion and
P(x—1y)=P(x+1y)=P(x,y+1)=(1—P,)/3. (4) the model reproduces the ballistic erosion, which is the time-
reversed process of the ballistic depositi@4]. Recent stud-
When theA particle reaches a nearest neighbor site ® a ies on the ballistic erosiof6,15] showed that the scaling
particle, then bottA andB particles disappear by the reaction property of the ballistic erosion belongs to the EW univer-
A+B—0. If the particle reaches a site which is a simulta-sality class8,11,13.
neous nearest neighbor site to more than Biparticle, then Instead of the probability assignment in E¢3) and (4),
one of theB particles is chosen randomly for the reaction.one can take another assignment as
After each reaction process, the newly formed surface sites
are identified. Then anothérparticle is launched from asite  P(x,y—1)=P,, P(x,y+1)=1/2—P, (0sP,<1/2),

on the starting line. For the acceleration of the processes, the (5)
A particle which reaches the annihilation line is abandoned
and a new particle starts from the given starting line. The P(x—1y)=P(x+1ly)=1/4. (6)
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0.2

The assignment in Eqg5) and (6) is more conventional,
because the steps along thélatera) direction are random
but steps along the (vertical) direction to surface are biased.
If the assignment in Eqg5) and (6) is taken, the parameter
Py can vary in the range 9P,=<1/2. In contrast with the
assignment in Eq93) and (4), P, can vary in G=P,<1,

and then our model can cover the ballistic erosion by setting
Py=1. That is why we take the assignment in E.and

(4). However, we have confirmed that in the common range
0=Pyp=<1/2, the simulation results for the assignment in
Egs. (5) and (6) coincide with those for the assignment in
Egs.(3) and(4) within one standard error limitSee Fig. 4.
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IIl. SIMULATION RESULTS 20

We have performed the simulations for the models with ) .
variousPy,. The simulations are started from the flat surface, tElG' 2i Lt(_)g-log plot ?2’:{%“ tSe rg?dfl V\llltthZEt.ﬁG ag"’t“”?tl _
with y=vy;, where the sites witj<y; are all occupied b in the early ime regimel{sL.”). Used lateral size of the matenatis

Y=Y , <y ! B L=1024. The solid line denoted h§=0.100 shows thaV satis-
particles and those witki>y; are vacant. In the simulation _ B

is taken asv.=L/4. wherel is the lateral size of the fies the power laww=t* with 8=0.10q2), even for the small
Ys terial Sy.s/ t ' —> In DLE [4 tak attractive bias. The inset shows the log-log plotvéfof the same
material, ‘fmq/k IS Set ayy=2ys. I L [4], ys was taken model againsiL in the saturation regimet®¥L?). The solid line
a few lattice units, because tieparticle undergoes an un-

i . denoted bya=0.18 represents the relatioh(t>L%)=L“ with «
biased random walk. In contrast, we take much lasgein  _g 1g1). ‘Usedlateral sizes aré =32, 64, 128, 256. The esti-

our simulations, so that the particle can have enough time mated value of the dynamic exponerftom /g is 1.81), which is
to see the bias effect before reaching a site for the reactiofaych larger thaz=1, the value for the unbiased model.

All the numerical data in this paper are taken after averaging

over more than 100 independent runs.

values ofz for P,=0.27 are nearly equal to 2. The estimated

We now explain the results of the simulations. For thezis rapidly increasing and approaching 2 asP,, increases

comparison to DLE moddR,3], we first want to explain the
results for the model withP,=1/4 briefly. W for P,=1/4
satisfies Eq(2) or the scaling behavior wita=1 very well
as in DLE. (See the upper inset of Fig.)550 the subtle
difference between our model witR,=1/4 and DLE[4],

from 0.25. Even for the very small attractive bias RBg
=0.26, z is very much larger thaz=1 for the unbiased
model or P,=0.25. Furthermore for the models with,
>0.3, all the estimated’s and B’s satisfy «>0.45 andg
>0.22. The estimated and 8 are also rapidly increasing

which was pointed out when defining the model, makes nand approaching the EW values< 0.5 and3=0.25) asP,,

difference in the dynamical scaling property.
Next, let us explain the results for the models with

increases fronP,=0.25. From the results in Figs. 2—4, it is
concluded that the models with the attractive bias belong to

>1/4 (the attractive bigs Figure 2 shows the results for EW universality class. Even for the models with small attrac-
P,=0.26, i.e., for the model with a very small attractive tive biases P,,=0.26 or 0.27, the scaling behavior is physi-

bias. In Fig. 2, the early time behavior @¥{(t) [or the data
for W(t<L?)] for the lateral size of the material=1024 is
shown. W(t) satisfies the usual power-law behavidi(t)
=tA[8] with 8=0.100(2) instead of the scaling relati(®).
In the inset of Fig. 2,W's in the saturation regime or

cally quite different from the DLE model. Taking the finite-
size effects into consideration, we can conclude that the
crossover behavior from the universality class with1 to
that with z=2 is very sudden ifP, is increased from 1/4.
The KPZ behavior cannot be found in our model with the

W(L,t—x)’s for L=32, 64, 128, 256 are displayed. The attractive bias.

data forW(L,) also satisfy the usual kinetic roughening

behavior [8], W(t>L%)=L“ with «=0.181). Estimated

To see the effect of the repulsive bias, the numerical re-
sults for the models witlP,,<<1/4 are now explained. In Fig.

dynamic exponent(=a/B) from these results is equal to 5, we display the numerical data ¥f(L,t) for the models

1.8(1), which is much larger tham=1 from Eq.(2) [2,3].
The resultz=1.8 for P,=0.26 is more close ta=2 of EW
value and considerably larger tha=3/2 of KPZ value

with P,=0.2. The lower inset shows the raw data f.
The main figure shows th&¥? for variousL collapses quite
well onto the single curve which represents the scaling func-

[8,13]. Next to show the effect of the relatively large attrac- tion (2) with z=1. This behavior of the scaling collapses to
tive bias, the results fdP,=0.73 are displayed in Fig. 3. The Eq. (2) for P,=0.2 is the same as that for the unbiased
data of W(t<L?) satisfy W=t#[8=0.262(3). The result model with P,=0.25. (See the upper inset of Fig.)5The
B=0.26 is very close tg3=1/4 which is the exact value scaling behavior folP,=0.25 is the same as that of DLE
from EW equation. Furthermore as is displayed in the insef2,3], which we have already explained. We confirmed that
of Fig. 3, W(t>L?) satisfiesW=L*[«=0.51(1)]. This re-  the models for 0.1& P, <0.25 show nearly the same scaling
sult «=0.51 is very close to EW valuex(=1/2). The esti- behavior as the model witR,=0.2 andP,=0.25. In con-
mated numerical values for the exponents 3, andz for  trast, we found that the models wifh,<0.16 do not show
various P,=0.26 are displayed in Fig. 4. All the estimated any surface-roughening behavior. This result means that the
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FIG. 5. Scaling plot showing that the data ff—W? plotted
against logy(t/L) for variousL collapse to a single curve support-
ing the scaling functior{2). The data used are taken by using the
model withP,=0.2. The used raw data fo¥? are displayed in the
lower inset. The upper inset shows the data for the unbiased model
with P,=0.25 also collapse to nearly the same single curve. The
results in this figure show that the scaling behavior of the models
with a considerable range of the repulsive bias is that wittl .

FIG. 3. Log-log plot ofW of the model withP,=0.73 against

in the early time regimet&L?). Used lateral size of the material is
L=1024. The solid line denoted h§=0.262 shows thatV satis-
fies the power laww=t# with 8=0.2623). Theinset shows the
log-log plot of W of the same model again&t in the saturation
regime ¢>L%. The solid line denoted bw=0.51 represents the
relationW(t>L%)=L* with «=0.51(1). Usedlateral sizes are the
same as those in Fig. 2.

of the model which have been investigated by the simula-

models for the considerable range of the repulsive bias shoWOns are summarized as what follows. The models With

the scaling behaviof2) with z=1 or follow the linear equa- - . . . ;
. . . . >
tion (1) until the repulsive bias becomes large to make the 1/4 (or with attractive biak belong to EW universality

surface unroughened. The crossover fromil behavior to ctlass withz=2, regardless of the magnitude of the bias fac-
: _ i <0.
that of the smooth surface occurs arouRg=0.17. The tor [Py —1/4i. In contrast, the models with 0.£82,=0.25

- (or with relatively small repulsive biasstill belong to the
crossover range arouri,=0.17 was found to be broad. universality class witlz=1. The models with large repulsive

bias (or P,=<0.16) do not show any roughening behavior.
IV. SUMMARY AND DISCUSSION Thus the models show three different scaling behaviors,

In this paper we have introduced a model for the dynami-smoom(Or no rougheningregime for large repulsive bias,

cal evolution of the surface eroded by the reactiir B '([)f;engeg:;nse ;\:':Ejh%c:elEf\?\/r rtzeir;eela\;[\ll}/;l:yzsfrg ?!&?g&:ig%igﬁs
—0 between arA particle, which undergoes a biased ran- ' 9 '

dom walk and approaches the material from outside, aRd a The crossover from the regime witt=1 to that withz=2

. : . ._was found to be sharp &,=1/4, but the crossover range
particle on the surface of the material. The scaling propertie rom the regime wittz=1 to the smooth phase which occurs

w0 aroundP,=0.17 was found to be broad.

PO — 0%0 N As was discussed earlier, Krug and co-work2s3] pre-
a5l otta " | dicted that the roughness of the Laplacian front with repul-

03 sl sive bias shows the scaling behavi@ in the length scale
sl °F anf I <l,=D/|u|. This prediction physically means that the scal-

0 om0 075 100 028 080 075 100 ing behavior(2) can be seen in a certain range of the repul-

b b

sive bias. This prediction is thus consistent with our simula-
tion result that the models with 0.£8,=<0.25 show the
I t ¢ N scaling behaviof2). In our model the drift velocityu satis-
E 1 fies |u|x|P,—1/4 andl, (=D/|u|) decreases aP, de-
creases from 1/4. If the analysis of the Laplacian front can be
applied to our model, then a critical lateral length sdale
for a givenP,<<1/4 is expected to exist, so that the scaling
i Py py 00 behavior (2) cannot be seen for the sur_face \_Nih‘h> L.
P Then the crossover range Bf, from the regime witlz=1 to
° the smooth phase should be that in whichsatisfiesL i,
FIG. 4. Estimated values of the exponegtsy, g for various ~ <Lc<Lmax, WhereLpiy(Lyad is the minimal (maxima)
P,>1/4. The rapid increase of the exponents to the values of EWateral length among'’s considered in the simulations. When
behavior means that the sudden crossover fmai behavior to  Lyin<<L.<Lmax for a certainPy,, then the scaling behavior
EW behavior atP,=1/4. (2) can be seen only on the surface witk:L .. This could

o

20 E
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be the reason that the crossover range from the regime witlor. This localness from the attractive bias is the physical
z=1 to the smooth phase is broad. We thus conclude that therigin of the EW behavior. In the renormalization group
physics related to the repulsive bias to the Laplacian front i§RG) sense it can be said that the attractive bias is a relevant
qualitatively the same as that for our model with the repul-parameter, which makes the RG flow away from the unbi-
sive bias. ased(DLE) fixed point to the ballistic erosion fixed point.
For the attractive bias in the analysis of Laplacian front,The local nature of the model with the attractive bias might
the EW behavior was predicted for the relatively smallbe due to the simplicity of our model, because discrete mod-
length scale, but the KPZ-type nonlinear equation was arels like ours cannot correctly convey the physical factors like
gued to be the continuum equation for the front in the largehydrodynamic continuum effects, which the theory for the
length scale regimg2]. In contrast, we have only seen the Laplacian front is based on. For the more realistic model
EW behavior for the models with the attractive bias. In DLE,which considers the possible nonlinear term in the second
the A particle does the unbiased random walk and thus th&ind of models, we recently restudied the erosion phenomena
probability that theA particle hits the protruded part of the as in DLE by the use of the time-reversed process to that in
surface is higher than the flat part. This global nature othe dielectric breakdown modgl6] and found the KPZ term
noises in DLE make the surface relatively flat and stow [17].
=1 behavior. In contrast, thel particle with the attractive
bias does the motion vyith _ballistic_: character a_nd th_e_range ACKNOWLEDGMENTS
along the lateralor x) direction which theA particle visits
before hitting the surface is less broad. This local nature of This work was supported by Grant No. R01-2001-000-
the attractively biased model can make the model behav@0025-0 from the Basic Research Program of KOSEF and by
like ballistic erosion modell6,15], which shows EW behav- a Brain Korea 21 project.
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